This paper proposes a new leader-follower-based consensus vibration controller to actively suppress unwanted oscillations in distributed-parameter flexible structures. Actuation and sensing is performed via piezoelectric layers in a collocated sense. The actuator/sensor patches for the vibration control system are considered to collaborate in a network, and follow a virtual leader which is accessible to all agents. Hence, a vibration controller law is defined, to remove disagreement between agents and force the agents to follow the virtual leader. The proposed approach is an observer-based design, in which an optimal consensus state estimator is initially designed. Stability of the closed-loop system is investigated and the optimality conditions of the system are derived. Although the designed vibration controller could be implemented for suppression tasks in different distributed-parameter systems, a flexible clamped-clamped beam is used here for equation derivation and numerical performance verification. According to the results, the optimal observer estimates the system states in a finite time, as expected, and the vibration controller suppresses unwanted oscillations, either in resonant or arbitrary form, to a much lower level; while the disagreement between agents converges to zero. Additionally, suppression performance and robustness of the controller to failure in control system elements is investigated in comparison with a conventional positive position feedback controller, and its superiority is illustrated and discussed.
Introduction
Active control has been used to suppress unwanted oscillations and disturbances in different structures and systems (Airimitoaie and Landau, 2014; Noshadi et al., 2015) . This technique has been extensively used for flexible structures, owing to the wide range of applications of these distributed-parameter systems. Different elements for actuation and sensing have been used for this purpose, such as piezoelectric elements (Kucuk et al., 2015; Qiu and Liu, 2015) and shape memory alloys (Damanpack et al., 2014) . In the design of active vibration control systems, a common method is to employ the most compatible control scheme, which has a crucial effect on system performance. For resonant vibration control, positive position feedback (PPF) (Fanson and Caughey, 1990 ) and a saturation controller (Lim 2008 ) have been implemented. The PPF approach was later adjusted in modified positive position feedback (Mahmoodi and Ahmadian, 2009; Omidi and Mahmoodi, 2015a) and H 1 -modified positive velocity feedback (Omidi and Mahmoodi, 2014) methods. In this regard, time-delay based approaches under discrete acceleration feedback control, optimization using a genetic algorithm Mirafzal et al., 2015) , and a sensor-less method (Bazghaleh et al., 2013) are examples of other approaches. A review on vibration control of smart structures is presented by Amezquita-Sanchez et al. (2014) , and some other approaches for vibration control under dynamic loading are discussed by El-Khoury and Adeli (2013) .
In many cases, and for different reasons, such as large structure sizes, larger numbers of control elements are required. As an inevitable consequence, the performance of each element affects the performance of other agents. Therefore, if different elements are aware of the performance of other members, probable inconsistencies can be prevented. One approach is to devise a network, and connect all these elements to one another. A network of control agents is naturally more robust to noise and sensing errors, owing to redundancy in control and measurement. In addition, if an actuation/sensing patch is located on a node of a resonant mode that cannot be actuated or measured, the other patches can compensate for it. Moreover, the control algorithm of the network can be designed to be resilient to failure in some elements.
Network system control design using a consensus algorithm is a method of organizing agents to collaborate and attain some common goals. Consensus control was initially used in computer science (Lynch, 1996) and later applied in network dynamic systems (Olfati-Saber and Murray, 2004) . Synchronization of consensus control design of multi-agent systems with time-invariant communication topologies has been studied by Li et al. (2010) . Tracking with reduced order interaction (Cao and Ren, 2012) , average consensus with time-varying topologies (Kai and Ishii, 2014) , and distributed finite-time observer-based tracking control (Zhao et al., 2013) have also been discussed. Mobile sensor networks have been used for distributed-parameter systems (Demetriou, 2010) , with the goal of optimizing the position of the agents. Consensus of unmanned aerial vehicles using sliding mode control (Rao and Ghose, 2014 ) and a tracking algorithm for multi-robot systems (Khoo et al., 2009) are two other applied methods based on consensus design. The consensus technique has also been combined with PPF in a study (Omidi and Mahmoodi, 2015b) to improve the performance of PPF-based vibration controllers.
In this study, a new vibration controller is developed for flexible structures, based on the theory of leaderfollower consensus architecture in network systems. A virtual leader is defined as the zero node of the control network, which dictates the main objective of the vibration control process to all control agents. Neighborhood disagreement error between the control agents is forced to zero, while an optimum consensus observer initially provides an estimate of the main system's modal coordinates. A clamped-clamped thin beam is considered as the flexible structure, with the actuation and sensing performed via attached collocated piezoelectric layers. Modeling of the flexible structure is performed by considering the partial differential equation of the clamped-clamped beam, and consensus observer optimization is performed using the linear quadratic regulator method. The consensus control law is described and a model of the augmented system is presented. The stability of the closed-loop control system is studied, and the optimal problem is investigated using the H 2 control design and also by solving a linear matrix inequality (LMI). The leaderfollower-based consensus vibration controller is then numerically verified for suppression of resonant and impulse disturbances, and the results are extensively discussed.
Graph theory and other preliminaries
Consensus control design, as a network based approach, implements the concepts of graph theory to model the position of the control elements in the network mathematically, and to account for the communication platform between these agents. To this end, the considered directed graph for the system is notated as g ¼ {V, e}, where V ¼ {v 1 , v 2 , . . ., v N } is the finite set of vertices, and the edges e ¼ V Â V connect the nodes. The set of neighbors of node i is defined as
where n i is the number of neighbors of the agent i. The graph g has a spanning tree if a subset of the edges exists such that one node is the parent of the rest of the nodes. The graph g is presented by an adjacency matrix
, for a ij as the weight of the edge (v i , v j ), where a ij > 0 if (v i , v j ) 2 e; otherwise a ij ¼ 0, and
The Kronecker product is also denoted by . The matrix I N denotes the N Â N identity matrix, 0 NÂM is a zero matrix of size N Â M, and 1 N represents a vector of ones in N rows.
Distributed structure model
The first step before applying the consensus vibration controller is to derive the distributed-parameter system model. A flexible beam with Dirichlet boundary conditions is selected, and collocated control patches are attached to the structure, as depicted in Figure 1 . N control agents are connected to each other under the topology of graph g, and they interact in this directed network. The governing partial differential equation of the structure is described by Omidi and Mahmoodi (2015b) A b @ 2 uð, tÞ
where u(f,t) is the displacement amplitude for the point located at the distance f from the left end, at time t, A b is the cross-sectional area, is the density, E b is the Young's modulus, I b is the moment of inertia of the beam,Mð, tÞ is the control input moment on the system generated by the piezoelectric actuators, andDð, tÞ is the induced disturbance. Next, the separation of variables is performed on the partial differential equation of equation (1) where W k (f) and q k (t) are the shape function and time-dependent generalized coordinate for the kth mode, respectively. Applying the Dirichlet boundary conditions, the separated variables are obtained as
where 1 ¼ 4:730, 2 ¼ 7:853, 3 ¼ 10:995, 4 ¼ 14:137, k % ð2k þ 1Þ 2 for k ! 5, x k and k denote the resonant frequency and damping of the ith mode, as k ¼ 2l k x k , for l k as the damping ratio, a k 2 R N and b k 2 R P are positive gain vectors for input moment M(t) 2 R N and disturbance D(t) 2 R P , respectively, and L b is the length of the beam. The state-space representation of the dynamic system is written next, with the goal of modeling the actuation/sensing nodes of the distributed-parameter system. The state-space equations for the collocated agents of the flexible structure are written in the form _ x i ðtÞ ¼ A s x i ðtÞ þ B s uðtÞ þB s d ðtÞ y i ðtÞ ¼ C i x i ðtÞ ,
where
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In equation (6), x i (t) 2 R 2m are the state variables, y i (t) 2 R is the measured vibration amplitude, u i (t) is the control input applied by the piezoelectric actuators, and d i (t) denotes the disturbance. V is the set of vertices, defined in Section 2. In theory, when m!1, however, infinite dimensions for the matrices are not practically possible, nor necessary, owing to the low amplitude of higher modes. Based on the physics of the problem, a proper number for m has to be chosen such that all important dynamics of the system are included. Note that the dynamics of the agents in equation (6) are identical to one another, obtained from equations (3) and (4). Since they have the same dynamics and start from the same initial conditions, the same responses will be obtained from the modal coordinates of each agent. Consideration of this description is the preliminary and essential step in designing consensus based controller design for distributed-parameter structures. Equation derivation for other flexible structures such as plates follows the same principles.
Leader-follower-based vibration controller design
The dynamics of the resonant structure for each agent are described by equation (6) as a linear time-invariant system. The concept of the leader-follower-based vibration controller is borrowed from the cooperative tracking controller of N identical followers, where consensus is achieved on common states of the system. In vibrating structures, the modal coordinates of the main system are not separately available and only a combination of them or a combination of their derivatives can be measured as position, velocity, or acceleration of vibration; yet knowledge of them is essential in calculating the actuators' input. Hence, a consensus controller is designed using estimated values of the modal coordinates. Consensus is also achieved over these variables; hence, when estimated values are synchronized, the phases of applied outputs by all actuators are also synchronized. Thus, before describing the structure of the controller, a distributed-parameter state estimator is designed.
Consensus observer design
To design the observer, the multi-agent state-space representation of equation (6) 
where G i 2 R 2m is the observer gain vector for agent i, the disagreement gain matrix is described by " G 2 R 2mÂ2m , where it forces the disagreement between the estimated state-space variables to go to zero, and c o is a positive gain for observer coupling strength. The state estimation error of each agent is expressed as e i ðtÞ ¼ x i ðtÞ Àx i ðtÞ, and the observer has to be designed such that lim t!1 e i ðtÞ ¼ 0, 8i 2 V. In the observer of equation (7), consensus is achieved for t ! 1 when
where W W .W W is the Euclidean norm. One approach toward parameterizing the disagreement between the agents is to define the norm of the difference between the estimated state variables of neighboring agents, which is expressed by
where n i and V i were described in Section 2. The observer is then written in the global cooperative form of _x ðtÞ ¼ A ox ðtÞ þ I N B s uðtÞ þ I N B s d ðtÞ þ GyðtÞ For observer gain optimization purposes, the linear quadratic regulator method is implemented (Zhang et al., 2011) . N independent optimization tasks have been performed, since the observer gain vector for each agent is different from that of the other agents.
2mÂ2m as positive semi-definite penalty matrices on state performance and R i 2 R as positive gains for the penalty on observer input 8i 2 V; observer gain vectors are obtained by
where P i are the unique and positive definite solution of the algebraic Riccati equations of
The obtained G i vectors construct the matrix G, and are the optimal gain values for each observer agent of the distributed-parameter structure.
Lemma 1. Let k j , 8j 2 V be the eigenvalues of L; then the consensus observer of equation (7) is asymptotically stable if and only if all matrices
are Hurwitz.
Proof. For the agents of observer equation (7) to be stable, matrix A o in the cooperative form has to be Hurwitz. The Laplacian matrix L of the graph g has at least one zero eigenvalue, and the rest of the nonzero eigenvalues are in the open right-half plane (Ren and Beard, 2005) . As in the approach discussed in Lemma 3.4 of Lewis et al. (2014) , the systems of all agents have to be stable, considering the diagonal Jordan matrices of eigenvalues of matrix L, which is applied by considering k j . Here, the state matrix is not the same for all agents, owing to the physics of the problem, as well as the selection of different observer gains for every agent. Hence, all of these matrices have to be Hurwitz, which is applied to the problem by state matrices A s À G i C i , which represent every agent. «
Leader-follower-based consensus vibration controller
The leader-follower-based consensus vibration control law is described and discussed in this section. Consensus design based on leader-follower interactions is one of the most studied concepts in network systems (Li et al., 2010) . Owing to diverse applications in different fields and systems, different dynamics have been proposed and implemented. The basic concept in leader-follower design is that some common states of all agents of the networked system are constrained to converge to the same states as their leader's. The followers can be directly connected to the leader or, if not, there has to be a path from the leader to that follower through the control network. The agents in current control design are actuator/ sensor patches of the distributed-parameter system. Meanwhile, according to the fundamental concept of vibration control, vibration control objective is achieved when y i ! 0, for i 2 V, which can only be achieved when x i ! 0, for i 2 V. Now, a virtual leader is defined with states complying with the objective of the vibration controller, and all agents are constrained to converge to the state of their leader; while the disagreement between them is enforced to zero. The values estimated by the distributed observers are considered as the states of each control agent, which are also used to calculate the actuators' input voltages. Hence, the leader-follower-based consensus vibration control law is defined as
where c c is the controller coupling gain, K 2 R
NÂ2m
is the controller gain matrix, and f i , 8i 2 V, are the weighted pinning gains. Here, it is assumed that f i > 0, 8i 2 V, meaning that all agents are aware of the leader's states and perform toward the vibration control goal. The leader node in the vibration controller is assigned to be " x 0 ðtÞ ¼ 0 2m ; the value for the leader node is set to zero in the rest of the design, for simplicity.
The systems in equations (6) and (7) are written in the augmented form under the control law of equation (14) 
To state the model as a combination of modal coordinates and estimation error, a transformation can be performed on the system of equation (15) by considering the transformation matrix of
The result is _ xðtÞ _ eðtÞ 
Closed-loop system stability analysis
To analyze the stability of the closed-loop system, the disagreement error with respect to the zero leader for each node is described as: i ðtÞ ¼ x i ðtÞ À " x 0 ðtÞ, which is written in the global state form
Using Theorem 3.4 of Lewis et al. (2014) , the unforced system dynamics can be written in the form _ ðtÞ _ eðtÞ
The state matrix of equation (17) is in upper triangular form; hence, for the system to be stable, the diagonal matrices should be Hurwitz. Stability of A 22 À A 12 is achieved under condition (13); similarly, for A 11 þ A 12 to be asymptotically stable, it can be shown that all matrices of
have to be Hurwitz; where i , 8i 2 V are the eigenvalues of (L þ F).
Consensus vibration controller optimization
In this section, H 2 -optimal control design and an approach based on solving an LMI are used to optimize the suppression performance of the controller.
H 2 -optimal controller design
The augmented closed-loop dynamics of the observerbased consensus controlled system must be optimized for the controller gain matrix K, to ensure optimum vibration suppression performance. Based on the system described by equation (16) and with the goal of creating a state feedback model, the augmented state-space model is written in the form
The state feedback control law of uðtÞ ¼ À " KzðtÞ is then used for the system, where " K ¼ ½ K K. H 2 -optimal control design has been successfully applied for vibration control purposes in different studies. The objective of the vibration suppression for the system described by equation (18) is to minimize the magnitude of output vector v(t), by minimizing the states of the main system in the vector z(t), according to B z . To implement the H 2 norm, first the transfer function of the system from the disturbance input d(t) to the output v(t) is calculated as
For the transfer function of equation (20), the H 2 norm is described as (Doyle et al., 1989; Omidi and Mahmoodi, 2015c )
Minimization of the norm described by equation (21) using the feedback gain matrix of " K ensures that the designed consensus controlled system undergoes the minimum oscillation in response to disturbance input d(t). The solution for the optimized system under H 2 design, however, cannot be provided using methods such as static output feedback (Zuo, 2002) . This is because the " K matrix is a constrained matrix and, in addition, the system in equation (19) has global state feedback. As a characteristic of the closed-loop system, the system with the smaller H 2 norm suppresses the vibration amplitude to a lower level. A constraint can be set over the H 2 norm of the system for > 0 such that
which guarantees the expected suppression performance.
LMI-based optimization
The described control law of equation (14) for the system of equation (6) can be optimized using the solution of an LMI, similar to the approach used in Li et al. (2013) . In this method, however, optimization of the controller gain matrix is obtained by considering the dynamic model of the main system only, and not in the global form. The LMI is described as
where " P 2 R 2mÂ2m is a positive definite solution of the LMI. The controller gain matrix is consequently obtained by K ¼ B T s " P À1 . Then the controller coupling gain is selected as (Li et al., 2010) c c 4 1 2min i2V Reð i Þ ð24Þ
which guarantees the convergence of the consensus controller.
Numerical simulation results and discussion
In this section, the designed consensus vibration controller is numerically verified, and the results are illustrated and discussed. First, four resonant modes of the vibrating system are considered, to construct the main system model, and four piezoelectric control agents are attached along the surface of the beam. The properties of the beam, the position of each agent from the left end and the resonant frequencies are listed in Table 1 . Damping ratios are assumed to be the same for all modes: l i ¼ 0.02 for i ¼ 1,. . ., 4. Figure 2 illustrates the communication topology between the agents of the control system, which has a spanning tree with a root at node 2. The Laplacian matrix regarding to the considered directed topology is obtained as
The model of the augmented system described in equation (15) is considered and the model of the main system is constructed based on the variables listed in Table 1 . Linear quadratic regulator optimization of the observer gains was performed and the gain vectors were extracted separately for each agent according to equation (11) as 
LMI-optimized suppression performance to resonant excitations
For the first set of the results, the controller was optimized according to the LMI described in equation (23).
The LMI toolbox of MATLAB Õ was used to obtain the gain values as 
The output of this optimization task has similar rows of gain, because the matrix B s is assumed to have the same a i vectors. A single disturbance input of d ðtÞ ¼ P 4 i¼1 20 sinð! i tÞ was applied to the flexible structure of the beam for i ¼ 1,. . ., 4, which excites all active resonant modes of the system simultaneously.
The system was simulated and the open-and closedloop results for agents 1 and 2 are shown in Figures 3  and 4 , respectively. According to the results, the closedloop system effectively suppressed the resonant vibration amplitudes at agents 1 and 2. Since agents 3 and 4 are located the same distance from the other end of the beam as agents 1 and 2, the obtained results for agent 3 and 4 are relatively similar to the obtained results in agents 2 and 1, respectively. Vibration amplitude reductions for simultaneous excitation of the four resonant modes at the place of agent 1 and 2 are 73.4% and 83.1%, respectively.
The leader-follower consensus vibration controller is an observer-based approach; hence, the convergence of the observer in a short time has a significant effect on the control system performance. Figure 5 shows the estimation error of the observer in the augmented system, corresponding to the suppression results depicted in Figures 3 and 4 . The initial conditions for the observer were selected randomly and were different from the initial conditions of the main system. According to Figure 5 , the estimation errors in all agents converge to zero after 0.3 s. Figure 6 shows the applied control input to the piezoelectric actuators of the first and second agents in the control process. The working range of the piezo-actuators is considered to be AE90 V, and an amplification gain of 2 Â 10 4 V/m was used to convert the calculated control output to the piezoelectric actuators' input voltage. Agent 2 experiences an overshoot due to the estimator error in the early moments of the suppression. As the observer estimation converges to the actual value and the observer's nonzero initial condition is compensated for, the calculated control input of the system reaches the steady-state condition.
H 2 -optimal response and comparison of optimization methods
Controller gain selection based on H 2 -optimal control was performed next. The system is designed such that it complies with equation (21), for ¼ 0.4. The control result is demonstrated in Figure 7 , which shows the vibration amplitude along the beam length for the uncontrolled and controlled states. In Figure 7 (b), an overshoot is observed at the beginning of the suppression, which is caused by assigning larger values for gains, and also results from the error in the estimated vibration amplitude before full convergence of the observer. After that, the vibration amplitude throughout the structure was reduced to a considerably lower amplitude than observed for the uncontrolled state. To compare the efficacy of the optimization approaches, the vibration amplitude attenuation at the middle of the beam (f ¼ 267.0) is illustrated in Figure 8 . It can be seen that when the performance of the system is guaranteed by the H 2 factor of the system, it provides a higher level of suppression. As described by equation (8), consensus is achieved when the disagreement between agents goes to zero. i , described by equation (9), for the estimated states was calculated for the suppression process illustrated in Figure 7 (b), and the results are depicted in Figure 9 . Based on the results, the disagreement norms start from zero, they each experience an overshoot due to the difference between the agents, and are finally enforced to zero by the consensus design. Note that the communication topology has the salient effect of removing the disagreement between the agents of the controller, and does not significantly affect the suppression level. More connected graphs tend to have faster disagreement elimination. 
Controlled system response to impulse disturbance
Suppression performance of the consensus controller to an impulse disturbance was investigated next. To this end, the H 2 -optimal system was considered, and the disturbance input was selected to apply an only impulse on the system; vibrating the beam at the place of the agents, as shown in Figures 10(a) and 11(a) . Then, the same disturbance input was applied on the controlled system, and the results are depicted in Figures 10(b) and 11 (b) . A comparison of these results shows that at the place of agent 1, the disturbance is damped more than three times, and at the place of agent 2, more than seven times faster in the controlled mode. Figures 12 and 13 show the estimation error and disagreement norms of the agents during the suppression process. Comparing Figure 5 of the harmonic disturbance suppression with Figure 12 , it can be seen that, in the impulse disturbance excitation, the error overshoots higher but converges to zero faster. Disagreement norms of Figures 9 and 13 show almost similar results.
One type of noise that can be exerted on the system is measurement noise by the sensors. In current controller design dynamics in the presence of such noise, the observer must have a robust design, to ensure the least possible negative effect from the exerted noise. Robustness of the consensus observer has been extensively discussed in Omidi and Mahmoodi (2015d) , and a similar approach can be taken to overcome the negative effects of noise on the closed-loop control system by the leader-follower consensus controller.
Suppression performance comparison of the controller with the PPF method
Finally, a comparative study was conducted to evaluate the performance of the proposed consensus leaderfollower-based method. A conventional centralized observer-based PPF controller was borrowed from the work of Omidi and Mahmoodi (2015b) and used to this end. The system was excited for all of its considered resonant frequencies, similar to the excitation dynamics in Section 6.1, but with twice the excitation amplitude. Vibration amplitudes were measured at agent 3, and closed-loop system responses are shown in Figure 14 . It can be seen from Figure 14 (a) and (b) that the leaderfollower consensus controller provides a more effective suppression than the PPF controller, both in terms of initial overshoot and steady-state amplitudes. Next, suppression performance in case of failure of a sensor in the control system was studied, as shown in Figure 14 (c) and (d). As shown, the leader-follower consensus controller remains robust to this failure, although the suppression level is reduced. However, the closed-loop PPF controlled system is destabilized in response to the failure in this element (shown in Figure 14(d)) ; not only does it fail to suppress the vibration, but it also increases the vibration amplitude.
Conclusions
A new leader-follower-based consensus vibration control algorithm was proposed to suppress unwanted vibrations in resonant flexible structures. Collocated piezoelectric actuator and sensor layers are enhanced by individual controllers, and communicate in a network with a certain topology; while a virtual leader enforces the vibration control objective to all individual control elements. Common consensus states are selected as estimated values of the modal coordinates, obtained via an optimal consensus state estimator. The stability of the closed-loop system was later investigated, and the control system was optimized using the concept of H 2 control design and an LMI-based method. To investigate the effectiveness of the proposed approach, a comprehensive set of numerical simulations were conducted to control a flexible beam using four agents. According to the results of these simulations, the new controller can successfully alleviate the excited vibration amplitudes, owing to resonant and impulse disturbances, while the observer error converges to zero in finite time and control agents are synchronized.
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